Lifts of Poisson structures to Weil bundles 



Vadim V. Shurygin, jr 



Abstract. In the present paper, we study complete and vertical lifts of tensor fields 
from a smooth manifold M to its Weil bundle T^M defined by a Frobenius Weil algebra A. 
For a Poisson manifold (M, w), we show that the complete lift and the vertical lift 

of the Poisson tensor w are Poisson tensors on T^M and establish their properties. 
We prove that the complete and the vertical lifts induce homomorphisms of the Poisson 
cohomology spaces. We compute the modular classes of the lifts of Poisson structures. 
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1 Introduction 

Complete and vertical lifts of Poisson structures from a smooth manifold M to its tangent 
bundle TM were studied in several papers, see, e.g., J. Grabowski and P. Urbahski [SI E], 
G. Mitric and I. Vaisman [20l H5] . In the present paper we discuss the generalization of 
these lifts to the case of a Weil bundle T^M for a Frobenius Weil algebra A. 

Differential-geometrical properties of lifts of tensor fields and connections to tangent 
bundles were studied by K.Yano and S.Ishihara [SI]. Various aspects of geometry of 
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Weil bundles and, in particular, lifts of geometric structures were studied by I. Kolaf [T3] . 
A. Morimoto |.22J, E. Okassa [25j, L.-N. Patterson [26], P.C.Yuen [53] and other researchers 
(see for references the book of I. Kolar, P.W. Michor and J. Slovak Weil bundles were 
also studied in connection with product preserving functors |14j . 

A. P. Shirokov [21] discovered that the Weil bundle T^M carries a structure of a smooth 
manifold over A, which made it possible to apply to the study of Weil bundles the theory 
of smooth manifolds over algebras (see, e.g., [35l[39]). In particular, the theory of realiza- 
tion of tensor fields and tensor operations over finite-dimensional modules over Frobenius 
algebras developed in the papers of V.V. Vishnevskii [16] and G.I. Kruchkovich [17] al- 
lowed ones to simplify the theory of lifts of tensor fields and linear connections from a 
manifold M to its Weil bundle T^M. 

This paper is structured as follows. 

In Section 2 we recall basic facts and definitions concerning Poisson manifolds and 
Poisson cohomology. 

In Section 3 we recall the notion of a Weil algebra (a local algebra in the sense of 
A. Weil) , basic concepts of the theory of smooth mappings over Weil algebras and describe 
the structure of a smooth manifold over algebra A on the Weil bundle T^M. In this 
section, we also analyze the structure of a Frobenius Weil algebra and prove some auxiliary 
statements which we use later. 

In Section 4, we develop the theory of lifts of skew-symmetric covariant and contra- 
variant tensor fields from a smooth manifold M to its Weil bundle T^M on the base of the 
theory of realization of tensor operations. We show that the complete lift of exterior forms 
induces a homomorphism of the de Rham cohomology spaces ifJ^(M) H*^^{T^M) and 
prove that this homomorphism is either a zero map or an isomorphism depending on 
the choice of a Frobenius covector (Theorem 14. ip . We also show that the complete lift 
preserves the Schouten-Nijenhuis bracket of multivector fields (Proposition 14.51) . We prove 
that for a Frobenius Weil algebra A it is possible to introduce a uniquely defined vertical 
lift of tensor fields. We study the Schouten-Nijenhuis brackets of lifts of multivector fields 
(Proposition 14.91) . In this section formulas for the complete lift of the tensor product and 
relations between the lifts and the Lie derivative are derived. 

In Section 5 we study the complete and the vertical lifts of the Poisson structure w 
from a Poisson manifold (M, w) to its Weil bundle T^M. We prove that the complete and 
the vertical lifts induce homomorphisms of the Poisson cohomology spaces Hp{M, w) —>■ 
H*p{T^M, w'^) and H^{M, w) H^{T^M, w^) and establish the structure of these homo- 
morphisms for some Poisson manifolds, in particular, for symplectic manifolds. Finally, we 
compute the modular classes of the lifts of Poisson structures. Namely, we prove that the 
modular class of Poisson manifold (T^M, w'-') is represented by the vector field dim A- 
for every modular vector field A of the base manifold (M, w) and that the modular class 
of Poisson manifold {T^M,w'^) is zero (Theorem 15.21) . 

The research of this paper was motivated by the works of G. Mitric and I. Vaisman [20] 
and J. Grabowski and P. Urbahski [8l [9| [TO]. 
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2 Poisson manifolds 



Let M be a smooth manifold, dimM = m. We will denote by C°°{M) the algebra of 
smooth functions on M and by T^'^{M) the space of tensor fields of type (r, s) on M. The 

m 

algebra of smooth exterior forms on M will be denoted by Q,*(M) = © (M), and the 

k=0 

exterior algebra of skew-symmetric contravariant tensor fields (multivector fields) on M 



m 

by V*(M) = © V (M). We assume all manifolds and maps between manifolds under 

fc=0 

consideration to be of class C°°. 

Throughout the paper we use the Einstein summation convention. 

For u e V^{M) we denote by i{u) : Qp{M) — > Qp~^{M) the interior product of a 
p-form with u. In local coordinates 

(z(tt)a)jj...jp_j, = tt-'^ '"'^ji-.-jkh-.-ip-k- (-'-) 

We will denote by d the exterior differential on n*{M) and by H2j^{M) = ifJ^(M,M) 
the de Rham cohomology of M. 

By Cx we will denote the Lie derivative along the vector field X. 

The Lie bracket of vector fields on M can be uniquely extended to an M-bilinear bracket 
[■ , ■] on V*(M), called Schouten-Mjenhms bracket ^W2\. such that (V*(M), [ ■ , ■ ]) is a 
graded superalgebra. 

The Schouten-Nijenhuis bracket is an M-bilinear map [■, ■] : V^{M) x V'(M) —>■ 
yp+<i~^(M) defined as follows. Let Xi, . . . Xp, Yi, . . . , Yq be vector fields on M. Then 

[X,A...AXp,Y,A...AYq] = 

= A ... X- ... A A [X,, F,] A Fi A ... 1^ ... A 



where [Xj, Yj] in the right-hand side is the Lie bracket of vector fields and X means the 
omission of X. 

Let u G V^(M) and v G V(M) be given in terms of a local coordinates as m = 
u'^"'''^^T[ A ... A V = A ... A Then for their Schouten-Nijenhuis 

bracket we have 

r ]fc2...fcp+5 _ fe2...fcp+g ri2...ip „,jl...jq I / 1 \p^fc2--.fcp+g „,rj2---jq „.h--.ip ( O) 

where £^(\"'^"^ is the antisymmetric Kronecker symbol. 
The Schouten-Nijenhuis bracket is super commutative 

[«,t;] = (-l)H>l[^;,«], 
it satisfies the super- Jacobi identity 

(-l)H-M [[o,y],u] + {-l)\^\-\y\ [[y^uiv] + (-l)l^l-H \\u,vly] = (3) 



3 



and the super-Leibniz identity 

[u, v^y] = [u,v]^y + (-l)(l"l-i)>l v A [u, y], (4) 

where \u\ denotes the degree of u. For more detail see, e.g., [H [IHl EH |32l 1^ . 

A Poisson bracket on a smooth manifold M is a bilinear skew-symmetric mapping 
{ , } : C°°(M) X C~(M) C^{M), satisfying the Leibniz rule 

{f.9h} = {f,g}h + g{f,h} 

and the Jacobi identity 

{{f.9}.h} + {{g,h}J} + {{hJ},g} = Q. 

A Poisson manifold is a smooth manifold M endowed with a Poisson bracket. 
A Poisson bracket on M uniquely defines a bivector field w G V^(M), called a Poisson 
bivector, such that 

{f,g}=z{w){dfAdg) (5) 

for any f,g e C°°(M). It is known (see, e.g., [161 [HI US]) that a bracket on C°°(M) 
defined by 1^ for a bivector field w satisfies the Jacobi identity if and only if 

[w,w] = 0. (6) 

In terms of local coordinates, ([6]) takes the form 

i.dw''^ u,dw^^ f„dw^^ 
ax* ox" ox" 

In what follows we will denote a Poisson manifold by {M,w). 
A Poisson bivector determines a bundle map 

w : T*M TM, (7) 

defined by 

(wa) ip) := w{a, p), a, /? G T*M. 
A Poisson bracket induces a bracket of 1-forms on M by 

{a,(3} = Cii^aP - Cisi3<y - d{w{a,(3)). (8) 

This bracket naturally extends the bracket {df,dg} := d{f,g} from i?^(M) := {df \ f G 
C°°(M)} to ni(M), and ((^^(M), {-, ■}) is a Lie algebra [121 112]. 

To each function / G C~(M) there is associated a vector field Xf = Xf e V^(M) 
called Hamiltonian vector field of f defined by Xf{g) := {f,g}- Locally, Hamiltonian 
vector fields on (M, w) are of the form f2U[ HH US] 

X; = {/, - j^ = / e C-(M). (9) 
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A smooth function / G C°°{M) is called a Casimir function if {f,g} = for every 
g G C°°{M), which is equivalent to the fact that the Hamiltonian vector field XJ of / is 
trivial. In terms of local coordinates, Casimir functions satisfy 

w-^ = 0. 

The rank of a Poisson bracket (Poisson structure) at a point a; G M is defined to be 
the rank of w{x). The rank of a Poisson bracket on M is the number 

max rank w(x). 

A Poisson manifold (M, w) is said to be regular, if the rank of w is constant on M. 
A smooth map (p : (M, w) {M',w') between two Poisson manifolds is called a 
Poisson map if 

^*i{f,g}M') = W*if),^*ig)}M. 

There is also an alternative characterization of Poisson maps [H]. Let X G V'^(M) and 
Y G V^{M') be two multivector fields. We say that X is ip-related to Y, writing Y = ip^:X, 
if 

{A''T^ip)X{x) = Y{ip{x)) for all x G M. 
Then is a Poisson map if and only if 

w' = (p^^w. (10) 

For a Poisson manifold (M, w) A. Lichnerowicz [T8] introduced an operator 

C7 = (T^ : V\M) V^+'(M) 

defined by au := [w,u]. From the super- Jacobi identity ([3]) and the super-Leibniz rule (jlj) 
it follows that 

a{u Av) = au Av + (-1)I"Im A av 

and 

0" o o" = 0. 

Therefore the Poisson cohomology spaces 

kera : V'=(M) ^ V'=+i(M) 



H^p{M,w) :-- 



im cj : V^-^M) V^^M)' 



are defined. In the general situation this cohomology is very difficult to compute (see, e.g., 

P El EB ESI [23 EDI SSI ED]). 

A map w can be extended to a map Vt^{M) — > V^(M) defined by the formula 

w6{ai, . . .,ak) = {-l)''6{wai, . . . , wak), (11) 



5 



where G fl^{M). In terms of local coordinates, 

(^i^Oyi-h = _ _ _ w'^^''ei^,„i^. (12) 

Clearly, for a symplectic manifold map (fTTj) is an isomorphism. It can be shown that [12] 

a o w = {-l)''w o d. (13) 

It follows that there arise natural homomorphisms 

p'':H',j,{M)^HUM,w). 

In the case of a symplectic manifold, these homomorphisms are isomorphisms, and the 
Poisson cohomology is isomophic to the de Rham cohomology. See p!6| [T8| H2] for details. 

Example 2.1. Let M be a smooth manifold with zero Poisson structure (w = 0). Then 

H'^{M,w) ^ V'=(M). 

Example 2.2. Let S* be a symplectic manifold and an arbitrary smooth manifold. 
Let M = S X N he the regular Poisson manifold whose Poisson structure w is induced 
from S. Suppose that dim H^j^{S) < oo. Then [i2lli3] 

i/^(M,ti;)- © ff,y^)®V'-'=(iV). (14) 

0<fc<r 

For a Poisson manifold (M, t/;), the canonical cohomology class [w] G Hp{M,w) is 
defined. This class is zero if and only if there exists X G V^(M) such that Cxw = w. 

A vector field X such that Cxw = w is called a Liouville vector field for w [41j. A 
Poisson manifold (M, w) admitting a Liouville vector field is said to be exact (or homo- 
geneous) [13]. 

Assume that M is oriented, and let be a volume form on M. The divergence div^X 
of a vector field X G V^(M) is the smooth function defined by 

£x/U = (div^X)/i. 

For a Poisson manifold (M, tf;) with volume form /x, the operator 

= A^,^ :feC^{M)^ div^Xf G C~(M) 

is a derivation on C°°{M), hence a vector field |1H]- This vector field is called the modular 
vector field of (M, w, fi). 

The modular vector field satisfies crA^ = [15]. For another volume form a/i, where 
a G C°°{M) is a non- vanishing function, the modular vector field changes to A^^ = A^ + 
-^-loga jlH]- Since Hamiltonian vector fields form the space of 1-coboundaries of a |¥T|[T8]. 
it follows that the set of modular vector fields for all volume forms on M is a cohomology 
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class from Hp{M,w). This cohomology class is called the modular class of {M,w). We 
denote it by mod{M,w). 

From (Q it follows that in terms of local coordinates on M the modular vector field 
is given by [20] 

j = l N ' 

where /i = p dx^ A ... A dx™. 

In the case when M is non-orientable, one defines the modular class in a similar way 
using a smooth density instead of a volume form. 



3 Weil algebras and Weil bundles 

3.1 Weil bundles as smooth manifolds over Weil algebras 

A Weil algebra [55] is a finite-dimensional associative commutative M-algebra A with 

o 

unit 1a whose nilpotent elements form a unique maximal ideal A. The linear span of 1a 
form a subalgebra isomorphic to M. We will identify it with M. As a vector space, A is the 

o o 

direct sum M © A. In what follows n = dim^ A and so dim A = n + 1 . 

o o 

By A'' we denote the rth power of A. The positive integer h defined by the relations 
A'' ^ 0, A'^+i = is called the height of A. Let 4(A) = dimR A7A'=+i for A; = 1, . . . , /i 

o 

and (io(A) = dimjg A/A = 1. The number di{A) is usually called the width of A. 
The chain of embedded ideals 

can be extended to the chain of ideals called the Jordan- Holder composition series [55] 

A D A = Ii D I2 3 • • • 3 In D 0, 
where la/Ia+i is a 1-dimensional algebra with zero multiplication. Here 

o 

A^' = Ii+d,(A)+...+dfc_i(A) for 2 <k <h. 

This is a particular case of the general construction for rings, see [28] . Using the Jordan- 
Holder composition series one can choose a basis ( a Jordan- Holder basis ) 

o 

{ca} = {eo,ea}, a = 0, 1, . . . , n = dim A, a = l,...,n, (16) 
in A such that cq = 1a ^ ea G la, ea ^ la+i- For X = x'^Ca = x^ + x'^Ca G A we set 

o ^ o 

X = x'^Ca, then X = x° + X. Let 5" be the coordinates of unit of A, i.e., 1a = 5"ea. 
Sometimes we denote the multiplication in A by a dot in order to avoid confusion. 
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We denote by (7^^,) the structure tensor of A with respect to a Jordan- Holder basis ffTBl) . 
We have CaCb = lab^c, loa = (Krouecker's deltas), and 7^^ = for a > c. The conditions 
of commutativity and associativity are 7^^ = 7^^ and 

respectively. The relations = Ca ■ 1a = eaS^ei, = S'^'j^b^c imply that 

= s:. (18) 

A smooth function f : U C A A is said to be A-differentiable (A-smooth) if its 
differential df is an A-linear map. The conditions of A-differentiability of /, usually called 
Scheffers' equations, are (see [311 \33\ W7\): 

^7^. = 7^^ (19) 
Scheffers' equations are equivalent to 

Let A"* = A X ■ ■ ■ X A be the A-module of m-tuples of elements of A. We will enumerate the 
real coordinates in A™ corresponding to a basis (fT6l) by the double indices ia. For a smooth 
function of several variables f : U C A™ ^ A, / : {X* = x*"ea} 1— > f{X'') = /''(x*")ef,, 
Scheffers' conditions of A-differentiability are of the form [38l HT] : 

^ = ,U^^. (21) 

If / satisfies f l21l) . its differential can be represented in the form df = fidX^, where 
fi = ^"''^^ is the partial derivative with respect to the variable X* G A. We will denote 
the latter by Thus, 

The functions fi{X^), i = 1, . . . ,m, are also A-differentiable. 

Recall that a smooth map f : M —>■ N of a. foliated manifold (M, JF) is called projectable 
(or basic) if / is constant along the leaves of JF. The natural epimorphism vr™ : A™ — M™' 

o 

determines the canonical A''^ -foliation on A™. The following theorem (see |38]) describes 
the local structure of an A-differentiable map of the form F : f/ C A"* A^ for a Weil 
algebra A. 



Theorem 3.1. |38] 1) Let U C A™ be an open set and ip : U A a projectable 

o 

map with respect to the canonical A"^ -foliation. Then the formula 

X" - + t (23) 



|P|=1 
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where i = 1, . . . ,m, i' = 1, . . . , k, p = [pi, . . . ,Pm) is a multiindex of length m and p\ = 

o o o o 

Pi! . . .pm^., X* = x'^+X'' is the decomposition with respect to ( IT6l) . = (X^)'^^ . . . (X™)^"', 
determines an A-smooth map ^ : U ^ . 

2) Any projectable A-dijferentiable map ^ : U ^ A'' is of the form (l23l) for some basic 
functions yj*' : f/ ^ A. 

Definition. Let (p : U ^ be a projectable map. Then the map $ : f/ ^ A^ given 
by (l23l) is called the analytic prolongation (A-prolongation) of (p. 

The analytic prolongation of a map ip will be denoted by (p^. 

Proposition 3.1. |38] Analytic prolongations satisfy the following relations: 
r. {(p + ipf = (p^ + ^^. 
2°. {(p-ip)^ = (p^-ip^. 
3°. (v^^o^^)'^ = ip^oip^. 

4°. {DP<p/DxP)^ = DP<p^/DXP for <p : U C A"^ ^ A. 

Let now L be an arbitrary A-module, dimjjL < oo, and let M be a smooth manifold. 

An h-chart on M is a pair {U, h) consisting of an open set U G M and a diffeomorphism 
h : U — ^ f/' C L. An 'L-atlas on M is a collection of L-charts {{Ui^,h;^)}i^^K such that 
{[/k}kga- is a covering of M and the tangent map 

Th^{x){hn o h^^) : Th^{x)^ = L ^ L = Th^{x)^ (24) 

is an isomorphism of A-modules for all x G M and k,,X & K. This condition is equivalent 
to the A-differentiability of all transition functions /i^a •= ° ^a^- 

Definition. |47] A quadruple (A, L, M, A) consisting of a Weil algebra A, an A- 
module L, a smooth manifold M, and a maximal L-atlas ^ on M is called an h-manifold 
or an A-smooth manifold, modeled on L. 

The isomorphism (!24l) allows ones to transfer by means of T^h'^ the structure of an 
A-module from T^Ul. = L to the tangent space T^M at x G M. 

Definition. [47j A"-manifold is called an n-dimensional A-smooth manifold. 

Let M and M' be two A-smooth manifolds modeled, respectively, by A-modules L and 
L'. A smooth map f : M ^ M' is said to be A-smooth if T^f is an A-linear map for all 
X G M. This is equivalent to the A-differentiability of all chart representatives h^i o f oh~^ 
of/. 

For any Weil algebra A and smooth manifold M, the Weil bundle tta : T^M — » M 
of A-points is defined as follows. An A-point near to x G M is a homomorphism X : 
C°°(M) A such that the real part of X{f) G A coincides with f{x). The set T^M of 
all A-points near to points of M can be endowed with a structure of smooth manifold. 
Bundle projection vr^ sends X to x. Let x* be local coordinates on a neighborhood U 
of M. These coordinates induce local coordinates x*" on 7r^^(f/) C T^M defined by 

o 

X(x*) = x*'^(X)ea, a = 0, 1, . . .n = dim A, where x*° = x*. The functions X* = x^^e^ are 
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A- valued coordinates on 7r^^(f/). A. P. Shirokov proved ^Bj that these coordinates define 
the structure of a smooth manifold over A on T^M. 

The correspondence which assigns to a manifold M the Weil bundle T^M and to a 
smooth map : M ^ the map : T^M 3 X t-^Xoip* e T^N, where ip* : C°°{N) 3 
g ^ goif ^ C°°{M), is a functor called the Weil functor (see |T11I3H1[1H])- It is well-known 
that Weil functors preserve products, i.e., T^{M x N) = T^M x T^N. 

3.2 The structure of a Frobenius Weil algebra 

Definition. [4J A Frobenius Weil algebra is a pair (A, q) where A is a Weil algebra and 
g:AxA^]Risa nondegenerate bilinear form which satisfies the following associativity 
condition: 

q{XY, Z) = q{X, YZ) for any X,Y,Z E A. (25) 
In terms of basis (fTBj) the condition is written as 

Qaclbd = labQcd- (26) 

The form q is called the Frobenius form. Frobenius algebras play an important role 
in the theory of smooth manifolds over algebras in constructing realizations of tensor 
operations [iTf [T7]. 

For a Frobenius algebra A the linear form p : A — > M defined by 

piX) = q{X,U) (27) 
is called the Frobenius covector. Its coordinates satisfy 

Pa7bc = Qbc (28) 

Contracting (1251) with 6'^ gives 

Pb = QbcS". (29) 

From ([25D and ([28]) it follows that 

g(X, Y) = p{XY) for any X,Y e A. (30) 

Let A* be the dual space of A, i.e., the space of M-linear functions ^ : A ^ M. The 
Frobenius form q induces the isomorphism 

if.A^A*, ip{X)Y ■=q{X,Y) =p{XY). (31) 

From the definition of p it follows that v^(1a) = P, and fl25l) implies that 

^iXY)iZ)=cp{X){YZ). 
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The isomorphism </? allows ones to transfer the multiplication operation from A to A*: 

^ * Tj -.^ ip{<p-\^) ■ (p-\ri)) 

(the dot means the multiphcation in A) . The multiplication * turns A* into a Weil algebra 
isomorphic to A. The bilinear form q induces the form ^ : A* x A* — > R, 

It is obvious that q is symmetric. 

Let {e"} be the basis in A* dual to a basis {e^} of A. Then (f{ea) — qah^^i — 
g^^Cfc and II = Ikobjj"'^- In what follows we will omit the tilde in "q"-^ and write q""^ 
instead of g"''. 



Proposition 3.2. For any ^, 77 e A* 

q{Lri) = {^*7]){l^). 



(32) 



Proof. Let ^ = ^{X), rj = (p{Y) for some X,Y e A. Then q{tv) = ^i^~^v) = 
^{X)Y = p(XY) = p(^-\0 ■ V-\r,)) = p{^-\i * T,)). Let us show that p{^-\) = ((U) 
for any C e A*. In fact, if C = <p{Z), then p((/?-^C) = P{Z) = <p{Z){Ik) = C(1a). □ 

Every function F : A — > A obviously determines the function 

The proof of the following proposition is immediate. 

Proposition 3.3. If F is A-differentiable, then F is A* -dijferentiable. 

Example 3.1. Let A be the Weil algebra of plural numbers 

= M(£") = {Xo + Xi£ + • • • + Xn£" | G M, = 0} 

(the algebra of truncated polynomials in one variable e of degree not greater than n) . For 
n = 1 we get the algebra of dual numbers (also known as Study numbers) 

D = R(£) = {xq + xie I xo, xi e M, £^ = 0}. 

There is a natural Jordan- Holder basis in R(e"^), namely, eo = 1, Ca = a = 1, . . . , n. 
Let p — {po, . . . ,Pn) be an arbitrary covector on ]R(£'*). Then the matrix jjpcTabll is 



(33) 



/ Po 


Pi ■ 


■ Pn-1 


Pn 


\ 


Pi 


P2 ■ 


■ Pn 







Pn-1 


Pn ■ 


■ 







\ Pn 


. 


. 





/ 
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fab\ 



it follows that p is a Frobenius covector if and only if p„ 



Since det Wpdl 
p{en) 7^ (cf. Proposition 13. 4p . 

In what follows we assume all Weil algebras under consideration to be Frobenius 
algebras. 

Let (A, q) be a Frobenius Weil algebra of height h and let p be its Frobenius covector. 

o 

We denote n = dim A. Let us fix a Jordan- Holder basis flTBl) in A. 

Proposition 3.4. For a Frobenius Weil algebra (A, q) the following conditions hold: 

1) diml^ = 1, that is, k'' = I„; 

2) p\o ^0. 

Proof. Denote 

Ann A := {X G A|X • A = 0}. 
Let 7^ X G Ann A. Then for any F = ?/° + F G A we have XY = Xy^ and g(X, Y) = 

o 

p{XY) = y^p{X). The nondegeneracy of q implies that p{X) ^ 0. Hence Ann Aflkerp = 

o o o 

0, which means that dim Ann A < L However, it is obvious that 7^ A'* C Ann A. 

o o 

Consequently, dim A'' = dim Ann A = 1 . □ 

The second statement of Proposition 13.41 is equivalent to the inequality pn 7^ 0. In 
what follows we will always assume that a Jordan-Holder basis (1161) is chosen in such a 
way that Pn = p(e„) = 1. Then the matrix of q is of the form 



\Qab\ 



V 1 



* 1 \ 

* 



* 
00/ 



and the inverse matrix || is of the form 

/ 

* 



* 

V 1 * 



i\ 



(34) 



Remark 3.1. Let G A* be defined by e^{X) := (i.e., tlie projection onto M along 

o 

A). 

We show that if p G A* is a Frobenius covector then p := p — p{l)e^ is also a Frobenius 
covector. Suppose the contrary. Then there exists X G A such that p{XY) = for any 

F G A. This means that x°p{Y) + y°p{X) + p{XY) = 0. Let Z G A'^, p{Z) = 1 (in terms 
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of a Jordan-Holder basis under consideration, Z = e„) and let X = X — x'^Z. Then for 

any r G A we have XY = XY - x^y^Z = x%^ + x°F + y^X + XY - x^y^Z. Obviously, 
= 0, which contradicts to the fact that p is a Frobenius covector. This means that 
having an arbitrary Frobenius covector p G A* we can obtain another Frobenius covector 
•p satisfying M C kerp. 

Let {e"} be the basis in A, corresponding to the dual basis {e"} in A* with respect to 
the isomorphism yj. Then 

e« = g^^e,, = q^^eK (35) 

Denote by 7^'' the components of the structure tensor of A with respect to the basis {e"}. 
Then 

p(e'^e^) = (36) 

The components 7^^ and are related as follows 7^* = q"''^q^^qch1df- Using (1261) . we 
have 

Ic =Q Idc, Idc = 7c Qad- (37) 

From (JTSl) it follows that 
From (|37|) and f[T7|) . we have 

limits = iflL (39) 
Using (157|) . one can obtain the following formulas for the products CaC^: 

e,e^ = 7^,e^ = l^e,. (40) 

In fact, we have CaC'^ = qad^'^^'^ = <ladlif'^'^ — lab^^- The second relation is derived in the 
similar way. From PUI) it follows that 

P(eae^) = 51 (41) 

and 

pieaCbe") = 7a., P(e"e^e,) = 7^ • (42) 
Contracting fl29l) with q°'^ we obtain 

g-^Vfe = S''. (43) 

The following two formulas (jHj) and (145!) for an A-smooth function F : A ^ A, 
F = F°-{x^)ea = Fa{x^)e°' will be used in the sequel. 

FX = F.d". (44) 

The proof of (gl]) is obvious. Formula (gS]) follows from ([20]) and ([T8]): = 5''5'=7;^bgf = 

13 



4 Lifts of tensor fields to Weil bundles 



Let (A, q) be a Frobenius Weil algebra of height /i, and let p be the corresponding Frobenius 
covector on A. We will use the indices j, . . . , and a, . . to enumerate coordinates on 
manifolds and the indices a, b, c, d,. . . to enumerate coordinates in A. 

The Weil bundle T^M of an m-dimensional smooth manifold M is an m-dimensional 
A-smooth manifold. For each X G T^M the tangent space TxT^M is an m-dimensional 
A-module. This allows us to consider A-linear A-valued tensors at any point X G T^M 
and A-smooth tensor fields on T^M (see, e.g., [36j). 

For an arbitrary A-smooth manifold Ma the following notation is used: 

T^'^Mp^ is the bundle of M- valued tensors of type (r, s), 

A (g) T''''*Ma is the bundle of A-valued tensors of type (r, s), 

T^'f jjjjMa is the subbundle in A C?) T^'^M^ consisting of A-linear tensors. 

Local sections of these bundles (local (r, s)-tensor fields on Ma) are expressed in terms 
of local coordinates X* = x'^e^ on Ma as follows 

where in the first case t'i^t^"'i"'^" are smooth real- valued functions of x^'^ , and in the second 

and the third cases they are smooth A-valued functions = t Cc. Local 

sections of the third bundle can also be expressed in the form 

d d 

The total space of the bundle T^'^^^^Ma carries the natural structure of an A-smooth 
manifold. 

Definition. A-smooth tensor field of type (r, s) on Ma is an A-smooth section of the 
bundle T^'^ij^MA. 

For an A-smooth tensor field functions ti^"'^" are A-smooth functions of X^. 

We denote the space of A-smooth tensor fields of type (r, s) on Ma by Tj^^^-^g^M^) , 
the space of A-smooth exterior forms on Ma by Q*j^_^^q{Mj^) and the space of A-smooth 
multivector fields by VX_difr(^A)- 

For an A-smooth exterior form 6 = <di-^,„if^dX^^ A ... A (iX**^ G ri^_difr(^A) and A- 
smooth multivector fields U G V^_jig(MA), V G VA_difr(^A) the exterior differential dQ 
and the Schouten-Nijenhuis bracket [U, V] can be represented in terms of coordinates X*, 
respectively, as follows. 

dE = ^=^rfX^' A dX'' A ... A rfX*^ 
dX^ 



t^:tdX'' ®A . . . ®A dX'^ ®A 7^7-7 ®A . . . ®A 77^. (46) 



\JJ V^^^'^-^a+i = p''^-^3+i TTriz-ig __Yig+l-ig+e 

L ' J ^l2-..lglg + l-..lg+l^ dX^ 



_k2...kg+i Yrig+2—ia+e Tjii...ig 

'il...igig+2---ig+i Q^r 
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4.1 Realizations of tensor operations 

Let L be a finite dimensional free A-moduIe. Clioose a basis {/,} in L (over A) and 
let {/*} be the dual basis in L*. For any X G L we have X = X^fi = x^'^fiCa where 
x**^ G M. Thus, the elements fia '■= fiCa form a basis of L considered as an M-module. Let 
pa = pQ (/*e'^) : L ^ M. Then form a basis of L* considered as an M-module, dual 

to {U}. In fact, = pife'^if^et)) = p{e-e,)5] = 5f, by m and /-(X) = a;-. 

Let t:Lx---xL^Abean A-linear covariant tensor. 

Definition. [47] The realization of t is the M-linear tensor 



Let t = t,;, 



R{t) :=pot:Lx---xL^M. 

^,...^,J . . . ®A f". Then t(Xi, . . . ,Xfc) = • 

R{t){X,,...,X,)=p{U,...,^X{\..Xl-) = 

— /'V''ii...«fcCai . . . Caj,X]^ ■ ■ ■ -^k I ~ ''nai-- 2fcafe-^l 



X^*^, hence 



a; 



k ' 



where 
Thus 



dl---lk0.k ■ 



>5r f'^'^S 



(47) 



L be an A-linear map. 

(48) 



and its components ti^a^_...ikak can be calculated by (147|) . 

Let L' be another finite-dimensional A-module and ^ : L' 
Let us show that 

^*R{t) = R{^*t). 

In fact, let {Qa} be a basis in L'. Denote the components of \E' by = \E'^ec. Then 
the components \Ef^"j, of \i/ considered as an M-linear map L' — L are \E'^^ = '^a'^bc- 
have 

whence 



^ai 7cibi • • • ^Ofc Ickbki^y^'^^-i-k^o-^ ■ ■ - ^ak 



iiai 



...^ 



h---akbk- 



The realization of 1-forms R : uo ^ R{uj) is an M-linear isomorphism from L* con- 
sidered as a vector space onto the dual vector space LJ to L (considered as a vector 
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space over M). The isomorphism R transfers the structure of an A-module from L* to 
Lj^: if ^ = R{uj), a G A, then aC, = R{auj). The structure of an A-module on can 
be described as follows: if f G L, then (a^)(t>) = ^{av). In fact, {a^){v) = R{auj){v) = 
p o auj{v) = p o uj{av) = R{uj){av) = C,{av)- It will be convenient in the sequel to 
identify the modules L* and and consider L* as a dual A-module to L with contrac- 
tion L X L* 9 {uJ,v) ^ {u!,v)^ G A and as a dual vector space to L with contraction 
L X L* 9 {uj, v) (a;, v)^. = po {u, v)^ G M. 

Now we describe the realization of contravariant tensors. 

Let L be a finite-dimensional A-module and m : L* x ■ ■ ■ x L* — A be an A-linear 
contravariant tensor. 

Definition. The realization of u is the M-linear tensor 

R{u) :=pou:h* X ■■■ xh* ^R. 

Making use of the diagram 

L* X . . . X L* A ^ A* 

M 

we may represent the realization R[u) as Iao^jom, where : A — A* is isomorphism (13T|) 
induced by the Frobenius form q. 

Let u = u^^---'^^ fi-^ ®A . . . ®A /ifc be the representation of u in terms of a basis {/j} in L, 
and let ■u*i - *fee'^^ . . . e"*^ = ^*^"i---**:"*e'' be the expansion in terms of the basis of A. From 
dHD we have p(u'^-'ke^^ . . . e''*) = ul^''^ S^. Denote 

Then 

Let now L' be another finite-dimensional A-module, and let \1/ : L — L' be an A-linear 
map. Suppose that a contravariant A-linear tensor m on L is \l/-related to a contravariant 
A-linear tensor f on L'. 

Proposition 4.1. R(u) is '^-related to R{v). 

Proof. The condition that u is \l/-related to v is as follows [TH HI] 

We have 
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Note that e^e^ = 7^^e'^ by (HO]). Thus 



□ 



Let us find the expression for R{v) where f G L. For a basis {/j} in L we have v = fj. 
Let = v^^eb = vleK Then v^e" = v^^Cbe" = vle^eK Since p{eae^) = 5^ and p(e"e*) = g"* 
by fl^Tl) and fl36l) . respectively, we get 



= t,^'^ = (50) 

Proposition 4.2. Let L 6e a finite- dimensional A-module, f G L, and /et t G T'^'°(L) 
&e a covariant A-tensor. Then 

R{i{v)t) = i{R{v))R{t), (51) 

where i{v), i{R{v)) are defined by ([T]). 

Proof. Let {/j} be a basis in L, f = fVi! ^-iid t = ti-^„,i^f^'^®. . Denote 6 = i{v)t. 

We compute the components of R{y), R{t) and R{6). 
We have (i?(w))^'^ = w^g"'' by 
We define 7^^...,^ G R by 

Cai-.-Ca, =7ai...a,eb. (52) 

Clearly, 7^^...., = ll\aXla, ■ ■ ■ ll_,a, (see [13 S?]). 

Let tji^,,,i^_^ = t'ji^,,,i^_^^s be the expansion in terms of the basis in A. Then 

Contracting with p we obtain 

{R{t))jaiiai...ik-iai^-i ~ 'l'jaiiai...ik-iak-i — ^jii...ik-i'~^saai...ak_iPc- 

We also have 
and 



'^b^jii...ik-i1 7sQ!7rai...afc_i^c '^b^jii...ik-i1 1 sdai...ak-i^c- 



Hence 
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which means that 

(i(-R(f))-R(t))j^ai...ifc_iafe_i = V-' tjaiiai...ik-iak-i 

= V^q ijjj.,,i^_-^7saai...afc_iPc = (-R(^))iiai...is,_iafc_i • 

□ 

Remark 4.1. Note that for a Frobenius Weil algebra A the realization of tensors 
is an injective operation. Indeed, ift:Lx...xL-^Aisa covariant A-tensor then 
R{t) = p ot = q{t, 1a). Since q is nondegenerate, it follows that t and R{t) vanish or do 
not vanish simultaneously. For the contravariant A-tensors proof is similar. 

Remark 4.2. The realization of a tensor t of type {k, i) for k,i > 1 can be constructed 
in the same way. Namely, if 

t = tttf' ®A • • • ®A ®A fn ®A . . . ®A 4 

then 
where 

,jibi...jibi ._ ^(fji---ji„ p phx be\ 

''iiai...ifcafe • • • • ^ifc'^ • • • )■ 



4.2 The complete lift of a covariant tensor field 

Let M be a smooth manifold of dimension m and tta : T^M M its Weil bundle. For 
a local chart {U,x^, . . . ,x"^) on M the functions X* = (x*)* = x*"ea form a system of 
A-valued local coordinates on T^U C T^M, and (x*") are real local coordinates on T^U, 

in i 
X = X O TTa. 

Let ^ G T^'^{M) be a tensor field of type (fc, 0) on M. In local coordinates 

^ = ^i,...^,dx'' ^ . . . (g) dx'K 

Consider the analytic prolongations Sj^ . j^. = of the functions - The analytic 

prolongation G T^:_°diff(T^M) of ^ locally is of the form = E,^,„iJX'' O . . . ® 
Denote 

Ciiai...i^.ak ■— P{^ii...ik^ai ■ ■ ■ ^a^) ■ (53) 

We have 

R{^^) = ^na^...,a,dx''''' ® . . . ® dx''^'"'. 
Definition. [51 135] The complete lift of ^ is the tensor field 
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on T^M. 

From (H8|l it follows that for every smooth map ip : N ^ M 

(TV)*(e'') = 

Remark 4.3. It follows from the Remark 14. II that for k > 1 the complete lift induces 
the injective map T^'°{M) T^'^{T^M), that is, = if and only if ^ = 0. 

Proposition 4.3. The complete lift is an injective map C°°{M) C°°(T^M) if 
and only if p{l^) = po ^ 0. When p{1a) = its kernel is the space of locally constant 
functions. 

Proof. In fact, let / G C°°(M) be a non-zero function and = /"Ca = /°eo + /"ea- 
Then f'-'' = Paf"" (recall that the indices d, b run through the set of values 1, . . . , n). It 
follows from (1251) that the functions are locally of the form 

df ■ 

= + summands of degree > 2 in x^'^ . 

Thus /"^ = if and only if all partial derivatives ^ vanish, that is, if / = const. This 
means that the condition = po/° + Paf"" = is equivalent to po/° = Paf^ = 0. When 
p{1a) 7^ the first equation gives / = 0. In case p(1a) = the second equation, by virtue 
of the fact that p„ 7^ 0, means that /" = 0. Consequently, / = const. □ 

Proposition 4.4. Let Ma be an A-smooth manifold and let S G fi^_^jg(MA) be an 
A-smooth exterior form. Then 

R{dE) =d{R{E)), (54) 

where d is the exterior differential. 
Proof. If 

S = Ei^,„iJX'' A ... A dX''^ 
in terms of local coordinates, then 

dE = ^^^^dX^ A dX'' A ... A dX'^. 
dX^ 

Let Sj^., ,(j.eaj ■ ■ - ^ak = '='iiai...jfcafc^c be expansions in terms of the basis of A. Then 
From (I2T]) we obtain 

d „ d „^ 



c ^ d ^ d 
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On the other hand, by fl22]) . 

^ c ^ d 

{d^)ji-i^...ik^be-ai • • • Cafe = 'Q^^iiai...ikak ^c^b = ^hai...ikak %c^d- 

Therefore 

R{d^)jbhax...ikak = Q^jg^iiai...ikak IbcPd = 'Q~j^^iiai...ikak Ibcy (56) 

which coincides with fl55|) . □ 

Corollary 4.1. Lei M be a smooth manifold and T^M be its Weil bundle. The 
complete lift commutes with the exterior differential, i.e. 

{dO^ = die) (57) 

for every ^ G Q*{M). 

This means that the complete lift of exterior forms induces a homomorphism of 
de Rham cohomology spaces 

mRiM) — . Hl^{T^M\ [i] ^ [e^]. (58) 



Theorem 4.1. Let (A, g) be a Frobenius Weil algebra and p its Frobenius covector. 
If p{l^) 7^ 0, then the homomorphism (ISSj) is an isomorphism. //p(1a) = 0, then the 
homomorphism fl58|) is zero. 

Proof. The manifold M may be embedded into T^M by means of the zero section 

Sa : M ^ T^M. 

It is shown in [37] that the complexes (riX_jjjg(T^M), d) and A (g) (r^*(M), c?) are isomor- 
phic. In fact, to any A- valued exterior form ^ on M there corresponds its A-prolongation 
which is an A-smooth form on T^M. Moreover, each A-smooth form 6 on T^M coincides 
with the A-prolongation of 6'|s^(Af) = s^{9). Denote the cohomology of (n^_jig(T*M), d) 
by Hl_^,^{T^M). Thus, 

Hl^,.,siT^M) = A®H:j,iM). 

It is also clear that the maps vr^ : Hl^{M) H*j^{T^M) and si : H*^{T^M) 
H^jiiM) are mutually inverse isomorphisms of de Rham cohomology (we use here the 
symbols tt^ and simultaneously for the maps of exterior forms and for the corresponding 
maps of the de Rham cohomology). Therefore we get the isomorphism 

Hl^,,^iT^M) A®i7*^(M) A®i7*^(T^M). 
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Let ^ e n*{M) = R^n*{M) C A(g)fi*(M) be a closed form and = ^°eo+. . .+C"e„ G 
fi^_^jg(T^M) its analytic prolongation. It is easily seen that 

sl:ni_,,siT^M)^A®n*iM) 

maps to ^ and all the forms . . . , to zero. Consequently, 

< o 4 : Hl_,.,siT^M) A ® m^iT^M) 

maps the cohomology class [^°] to 1^ (g) [,^°] and the classes [^^], . . . , [,^"] to zero. It follows 
from ([53D that = = Po^° + Pi^' + • • • + PnC"- Hence [^^] = po[^°] = PoK^] G 

Thus, each Frobenius Weil algebra (A, q) determines the endomorphism of the coho- 
mology spaces 

Aa,, : HUM) m^iT^M) i7*^(M), 

where the first arrow means the complete lift. It follows from the Theorem 14. II that this 
endomorphism is the multiplication by p(1a)- 

Example 4-1- Let r = 7rK(e) : TM — M be the tangent bundle. We denote the local 
coordinates on M by (a;*) and the corresponding local coordinates on TM by {x\y^). 

Take the basis {eo = 1, ei = e} in M(£), and introduce two Frobenius covectors p(o) and 
on R{£) defined by P(o)(l) = 0, P(o)(£) = 1 and P(i)(l) = 1, P(i)is) = 1, respectively. 

Let ^ = A ... A dx^'^ G f2^(M) be a closed form. For p(o) the corresponding 

complete lift ^^q^ is 

= g^j^' dx'' A ... A + A ... A dx'''-' A rfy'^ 

It is easily seen that 

V ■= y^ijh...ik-id^'^ A ... A dx''^-^ 
is a well-defined form on TM and that ^ is closed if and only if = drj. Thus, [^g-^] = 
G i^,*^(TM). 

For the complete lift ,^(^-) is 

ifi) = ^h...i,dx'^ A ... A rfa;^* + 

+ y^^^^^^dx'^ A ... A (ix*'^ + ^^...i^rfx^i A ... A A dy'i^ = 

Therefore [^fl)] = [r*^] G if,*^(TM). 

Remark 4.4. Let ^ G T^'^{M) be a tensor field of type (fc, 0) on M and G 
T^^jjjg(T^M) its analytic prolongation to T^M. Then Cn^^ is also an A-smooth ten- 
sor field. If ^ = 6i...i,c/x^i (g) ... ® then e^^"^ = enii^...i^dX'^ ® ... O = 
e„6i...iferfa;*i° (g) . . . (g) It follows that i?(e„{^) G T^^^{T^M) is of the form 
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that is, it coincides with vr^^. Thus, 

7rie = i?(e„e^). (59) 

4.3 The complete lift of a contravariant tensor field 

Let M be a real smooth manifold, T^M its Weil bundle, and let u G T^'^{M) be a 
contravariant tensor field on M. In terms of local coordinates, 

hud d 



Consider the analytic prolongations = (-u*i--*fe)* of the functions m*^'"**. The analytic 

prolongation of u is 



Let f/*i---*fce"i . . . e"'' = f/*i'^i---*fe'^fce'' be the expansions in terms of the basis in A. 
Denote 

We have 



Definition. The complete lift of u is the tensor field 
on T^M. 

It follows immediately from the Proposition 14.11 that if if : M —>■ N is a. smooth map 
and a tensor field u is (^-related with a tensor field v on N, then m*-^ is T*<^-related to w*^. 

Remark 4.5. It follows from the Remark 14.11 that for k > 1 the complete lift is an 
injective map r°''=(M) ^ T^^^{T^M). 

Proposition 4.5. Let Ma an K-smooth manifold and let U,V VA_diff(^A) be 
two K-smooth multivector fields. Then 

[R{U),RiV)]=Ri[U,V]). (61) 

Proof. Let U E Vl_^^s{MjC), V G Vi„diff(^A)- According to in terms of local 
coordinates, the Schouten-Nijenhuis bracket [U, V] is of the form 

\U T/1^2...fc9+<? ^ k2...kg+i Tjri2-ig _:f_yig+i-ig+e 
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Let us multiply each side of (jHSD by e"^ . . . e^-s+i and then contract with 5*. In the 
left-hand side we get {R{[U, \/]))^2a2...fcj+,ag+^_ Using ([22]) and (05]), we transform the first 
summand in the right-hand side of fl62D . omitting the coefficient e'^^"f^^\ as follows. 

d ■ ■ 

d 

_ jjri2...ig ^a2 e"9(5* y^g+iag+i.-.tg+iag+i 

g^rb 

TTri2...ig a a2 „aa xb i^^g+lO-g+l---i-g+iO-g+e 

e e ...e d 

_ jjri2...ig ^a^a2 ^aq ^ f ^by^g+iag+l-i'g+iag+l-s 

d 

_ jjrai2a2...tgag^s / / yg+iag+i ...ig+<.ag+<, -v 

Contracting the result with 5* we get 

The commutativity of multiplication in A yields that e^^''f^^^^^ = ^^ilal'. '.Ag+iag+e ■ the same 
manner we transform the second summand in fl62l) . As a result, we have 

(i?([f/, Y'^yk'2a2-kg+iag+i 

= ^'=2a2...fcg+«ag+< (D(TT\Yai2a2...igag_d_( ( D(Y\\ig+iag+i...ig+eag+e" 

^i2a2...igagig+iag+i...ig+iag+e\-^''\'-' J J dx'''^ ^ >> 

J_ (_-\\9p.^'i"-'^-^a+t"'g+e ( T>(Y\Yaic+2ac,+2-ia+iaa+l d ( ( f?(TT]\iiai...igag\ 

^\ '-J ^iiai...igagig+2ag+2-ig+eag+e\-^*'\^ J) dx^'^ {^-^^^^ ^ ^ J' 

which coincides with (Ell). □ 



Corollary 4.2. Let M be a smooth manifold andT^M its Weil bundle. The complete 
lift commutes with the Schouten-Nijenhuis bracket, i.e., 

[u,vf = [u^,v% (63) 

for every u,v E V*(M). 

Proposition 4.6. Let M be a smooth manifold, and let ^ E fi*(M), v E V^(M). 
Then 

z{v^)e = (z(t;)0^. (64) 
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Proof. Follows from the Proposition 14.21 □ 



Remark 4.6. For v G V^(M), i > 2, relation flM|) . in general, does not remain valid. 
Consider, for example, ^ = ^ijdx' A dx^ e Vt^{M), v = v'^-^ A e V'^{M). Their 
complete lifts to the tangent bundle TM corresponding to the Frobenius covector p(o) 
(see Example 14. ip in terms of standard coordinates {x^,y^) are of the form 

= y'^^^dx^ A dx^ + i.,dx^ A dy\ = ^1 ^ ^1 + v"^^. ^ ^l' 

ox'' ax* oy^ ox'' Oy^ Oy^ 

Consequently, the inner product of the lifts is 
But the lift of the inner product is 

This may be explained by the fact that the complete lift of the tensor product is not equal 
to the tensor product of complete lifts: {u ® f)*" ^ vP ®v'~^ (cf. Remark [4.81 below). 



4.4 The vertical lift of a tensor field 

The vertical lift of a tensor field 

d d 

u = uf--l'dx'^ ® ■ ■ ■ O dx'" ® TT— ® ■ ■ ■ ® TT— (65) 

in terms of the local coordinates (x*,?/*) on TM is of the form [52] 

d d 



u 



V = v^-fdx^^ ®---® dx'^ 



We generalize the notion of the vertical lift to the case of an arbitrary Frobenius Weil 
algebra A in the following way. Consider a Jordan-Holder basis {cq, . . . , e^} in A. Let 
u G T^'^{M) be a tensor field fl65|) on M and its analytic prolongation to T^M. We 
define the vertical lift G T^'^{T^M) of u by 

= ul := R{enU^). (66) 
The above definition does not depend on the choice of a Jordan- Holder basis because is 

o 

a basis of the one-dimensional ideal A'^ (see Proposition 13. 4p and is fixed by the condition 
p{en) = 1. 

Proposition 4.7. In terms of local coordinates (x*") on T^M , 
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^^Vyibi...jebi _ ) Ji...ife' 



Proof. It follows from <^ (see also Remark that {enU^)f^--f^ea^ . . . Ca^e^'i . . . e^^ 
vanishes for all values of indices except for the case ai = . . . = = and bi = . . . = bg = 
n, when it is equal to en{ull'''j^)^ = ^nuf^Wil- Contracting with p, we obtain 

uf^-jl, if ai = . . . = afc = 0, bi = . . . = bg = n, 
0, otherwise. 

□ 

The following proposition follows immediately from (jSZD- 
Proposition 4.8. For every M,f G T*'*(M) we have 

{u^v)^ = u^ ®v^. (68) 

It should be noted that, in accordance with fl59l) . the vertical lift of a smooth function 
/ is equal to / o tta [35] . 

Remark 4.7. For the discussion in Section [5] it is convenient to present here a direct 
coordinate proof of the fact that fp7|) defines a tensor field on T^M (cf. Let x^' = 

x*'(x*) be a coordinate change on M and 

j'l-j'e 9^^^ 9^^'' 9x^'^ dx^'k j^ j^ 

the corresponding transformation of components of a tensor u. It suffices to prove that 

d dx^" d 



(69) 



Let us find the change of coordinates x*'" = x*'"(x*'') on T^M corresponding to a change 
X*' = x*'(x*). By (!23l) . we have 

X^' = x^'o + x^'-ca = x^'° + y ^^^X^. (70) 

p! DxP 

|p|=i 

Then, for T^M we have 

x^'o = x''°(x*°), x''^ = x''\x'''), a = 1, . . . , n. 

Let us show that 

——r = for b > a. 

dx'^ 

In fact, the coefficients in (170]) depend only on x* = x*°, while x"^ occurs in an 

00 o 

expression (X^)^^ . . . (X™)^™ only as a coefficient of in X*. Since 7^^ = for c > s, the 

o o 

coefficient of ea in the expansion of (X^)^^ . . . (X™)^™ does not depend on x^^ . Moreover, 
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it can depend on x*" only when |p| = 1. The part of the sum fITU]) corresponding to p = 1 

dxi 



is of the form ^jX-^'^Cc, and the variable x*" appears in this expression only when c = a. 



Therefore, 



0, 



if b > a, 
if 6 = a, 



and the Jacobi matrix 



following block structure: 



of the coordinate change x*'" = x*'"(x*'') on T^M has the 



dx^ 


* 


* 




* 


* 





dx'^ 
dx^ 


* 




* 


* 







































dx/_ 

dx^ 


* 
















dx^' 
dx^ 



(71) 



where * denotes the blocks which are unessential for our consideration. Now (l69ll is obvi- 



ous. 



Proposition 4.9. Foru,v G V*(M) we have 



(72) 



b) [u^,v^] = 0. 

Proof. Let and be the A-prolongations of u and v, respectively. Then 

Similarly, = [u'-',v^]. 

The second equality is proved in the same way: 

= [i?(e„M'^),i?(e„i;^)] = i?(e„e„ [n*,t;*]) = 0. 

□ 

For the case of the tangent bundle TM the relations (172|) were proved by J. Grabowski 
and P. Urbahski PHU]. 
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Remark 4.8. J. Grabowski and P. Urbanski have also proved [H] that for the tangent 
bundle one has 

{u^vY = u"^ + ^v"^ (73) 

for every u, f G T*'*(M) (see also the monograph of K.Yano and S.Ishihara [52]). This 
formula can be generalized for the case of Frobenius Weil algebras of height /i > 1 in 
the following way. Let u e T^^\M) be a smooth tensor field and G T'^_^.^{T^M) its 
analytic prolongation. Define the a-lift u^""^ E T^'^{T^M) of u for a fixed basis {ca} by 

■.= R{eaU^). (74) 

In particular, when {ca] is the Jordan-Holder basis, u^^^ = u'^ , u^^^ = vY . 
For u,v E T*'*{M) the following generalization of the relation ( !73l) holds: 

In fact, let u^, G T2^'*^-^g(T^M) be the analytic prolongations of u and f , respectively. 
To prove (!75|) it suffices to verify that 

p(Xr) = g"V(eaX)p(e,F). 

We have 

p(Xy) = X^Vpie^e,) = X'Y\,, 
q'''p{eaX)p{e,Y) = g"^X'=p(e,ee)F"p(e,ed) = q'^'X^Y^q^^qM = X'^Y^Qm = X^'Y^,. 

In the similar manner one can prove that 

b,d 

The tangent bundle T"(M) = T^('-")M of order n is equivalent to the Weil bundle 
corresponding to the algebra of plural numbers ]R(e"). In this case the so called A-lifts 
u^'^^ = R{e'^u^^^"^) of a tensor field u on M (X = 0, . . . ,n) are defined. These lifts were 
considered, for example, in the papers of Ch.-S. Houh and S. Ishihara |TT] and A. P. Shi- 
rokov [3l]. Relation (1761) . in this case takes the form [HI [3l] 

X 

K=0 

Proposition 4.10. Let v G V^{M) be a vector field on M. The Lie derivative with 
respect to v has the following properties: 



a) 






b) 


{C^tY = C^ct^ = C^vt^; 


(77) 


c) 


C^vt^ = 
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for every t G T*'*{M). 

Proof, a) Recall that the components of the Lie derivative of a tensor field 

d d 



with respect to a vector field v are of the form [29], [51] 

(r f\3i---3l _ m I ^n-3i l__ _|_ _|_ 

For simplicity, we prove (1771) in the case A; = £ = 1. In the general case this formula is 
proved in the same way. Let t = tldx^ ® be a (1, l)-tensor field on M and let T and 
V be the analytic prolongations of t and f , respectively. Then the analytic prolongations 
satisfy the relation 

(^yT)l = Q^v- + - rr^. (79) 

Recall that if = v'^'Ca = vie'', then (v'^f'' = v'" = vlq"'' by (l50|) . 

Let us multiply each side of (179|) by 6^6* and then contract the result with p. On the 
left-hand side we have {{Cyt)'~"')i^, and it remains to prove that the right-hand is of the 
form 

f)fjb r)7i"^c f) jb 

_ZZia_^m.c _|_ _ ^mc 

Q^mc dx''' dx""" 

where t^^ = (t'^)ia and f*" = (f*^)*". 

First, let T/cae'' = (Zf )ce^ Then, by virtue of (|22l), (jlSjand (|36|). 



Second, by (I2T1) we have 



QTAm (^?; 



mc 



Whence 



• I — L 



Finally, let l/^e* = Vj''e''. Then 

/5T/i r^l^-'^ Bv^^ 

T^^^eae' = TJ^eJ^'^^e" = T^eae'S'^^p^ = T^eae" 



QXm - ^ <^ Q^md * » Q^mc * » 

Therefore, 



-e„,e 



9X™ / dx'^^ 
Formulas (!77|) b) and c) are proved in the same way. □ 

For tangent bundles relations (1771) has been proved in [52] and [15 
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5 Weil bundles of Poisson manifolds 



In this section we consider the complete and the vertical lifts of a Poisson tensor w and 
establish some properties of the Poisson structures arised. In particular, we compute the 
modular classes of these structures. 



5.1 The complete lift of a Poisson tensor 

Let (M , w) be a Poisson manifold, and let w'" be the complete lift of w to T^M. By virtue 
of dHD and ([63D, 

[u;^, W^] = 0. 

Hence w*" is a Poisson tensor on T^M. 

Let be the analytic prolongation of w and let {w^^)^ = {w'^^Yes be the expansions 
in terms of a basis in A. Then {w^^)^e'^e'^ = {w^^)'^ese"'e'', therefore (^w^Y"'^'' = {w'^^Y^yf' 
by (H2!) . Thus, the components of in terms of the local coordinates on T*M are as 
follows 

{y^cyajb ^ {w^iy^f, (80) 

Proposition 5.1. // (M, w) is a symplectic manifold, then {T^M,w'") also is a 
symplectic manifold. 

Proof. By the Darboux theorem [H], we can choose a local coordinate system (x*) 
on M, in terms of which the components w^^ are constant. Then, by (!23l) . the analytic 
prolongations (w^^)^ coincide with w^^ and so {w^^Y — {w'^^Y — k > 1. 

Therefore w'^"'^^ = w^^'Jq'' = w^^q^^. Thus, 

where the matrix || = is nondegenerate as the tensor (Kronecker) prod- 

uct of nondegenerate matrices and □ 

One can easily see that if a; = uoij dx^ A dx^ is the symplectic form on M corresponding 
to M7, then the complete lift 

= uOijQab dx"" A dx^^ 

is the symplectic form on T^M corresponding to . In the same way one can prove 
that if (M, w) is a regular Poisson manifold, then {T^M, w^) is also a regular Poisson 
manifold. 

Remark 5.1. The fact that for a Frobenius Weil algebra (A, q) the total space T^M 
of a symplectic manifold (M, w) carries a natural symplectic structure, was pointed out 
by A.V. Brailov [2]. 
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Example 5.1. Let (M, w) be a Poisson manifold and TM its tangent bundle. The 
complete lift of w corresponding to p(o) (Example I4.ip is of the form 

dx'^ dy^ ^ dx^ dy^ dy^ ' 
and the complete lift w'", corresponding to is 

dx^ dy^ V dx'' J dy^ dy^ 

Poisson bivector (ISTll was studied by several authors, e.g., T.J. Courant [3], J. Grabowski 
and P. Urbahski [H 13 EO], G. Mitric and I. Vaisman [20lll5]. 

Proposition 5.2. Let w he a bivector field on M. The complete lift w'" is a Poisson 
bivector on T^M if and only if w is a Poisson bivector on M. 

Proof. Follows from (163|) and Remark 14.51 □ 

Proposition 5.3. Let (M, w) and (M', w') be Poisson manifolds and let (p : (M, w) — > 

{M',w') be a Poisson map. Then T^ip : (T^M,w'") (T^M' , {w')'") is also a Poisson 
map. 

Proof. Follows from flTU]) and Proposition 14.11 □ 

Proposition 5.4. The complete lift of multivector fields induces the homomorphism 
of Poisson cohomology spaces 

H*p{M,w) — > H*p{T^M,w^), [m] I — >[u^']. (82) 

Proof. From fl63|) it follows that 

(c^^^,^^)'^ = a^c , (83) 

which implies that the map fl82|) is well-defined. □ 

It follows from Proposition 14.51 that if / G C°°{M) is a Casimir function of w then 
Z*^ = R{f^) and f^ = f o T^K are Casimir functions of w'" . For an arbitrary smooth 
function f on M one has 

[^f ) — ^fc ■ 

Proposition 5.5. //p(1a) 7^ 0, then the homomorphism ( 1821) in the dimension 

HUM,w) HUt''M,w^) (84) 
is a monomorphism. //p(1a) = then the kernel of fl84l) is the space of constant functions. 
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Proof. Follows from Remark 14.31 □ 



Proposition 5.6. Let {M,w) be a Poisson manifold. For every Frohenius Weil al- 
]ebra (A, q) the following diagram is commutative 



c 



■V*{T^M) 



V*{M) 



n*{M) — ^ — - n*{T^M) , 

where the horizontal arrows mean the complete lift. 
Proof. Define ^y^^'"'^* by 

Consider an exterior form C, € f2^(M) and a multivector field v G V^(M). In terms of 
local coordinates, 

■ ■ d d 
£ = i,dx'^ A . . . A dx''' and v = v^^-^''—— A . . . A 



Let = ^/^ j^e/ and (tiJi----?*)* = [v^^-'^'^Yes be the analytic prolongations of C,; 



%i...ik 



and ti-^i ---?*, respectively. Then 



and 



[V 



C\jibi...jkbk 



where 7^^. defined by (15^ . 

In our case f = w^. According to (1121) . ti-?!----?* = (— l)^w*i-'i . . .w^''^''9i^ i^. Thus, we 
need to show that 



C\jibi...jkbk 



We have 



[w 



Cyiaijifei („.,C\ikakjkbk(tC\ _ /'„,,«UiNci ai6i („.,ikJk\Ck^'^kbktJ 

) . . .[W ) 1^^ Jjiai...ifcafc — [W ) Ici ■ ■ - {W ) ^n...ik'fai...akPd- 

On the other hand, it follows from Proposition 13.11 that 



,«iii'\ci^,ai6i („,Jkjk\Ck^,o-kbk<:f 



[W 



hji\ci („,,ikik\Ck(:f 



W 



C'i...i,e/e,, ...e, 
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Therefore 



Thus, it suffices to prove that 



^5) 



We have 



aibi „akbk 



According to fl38l) . g"^^^ = 7"^^*^5'^^ . . . , q""^^^ = j^k^k^c^^ gj^cg a Jordan-Holder basis 
5° = 1 and 5" = 0, it follows that 7^^^ c^Ps^'^^ . . .6'^'= = 6^Ps = Pd- Hence the result. □ 

Theorem 5.1. The following diagram of morphisms of complexes is commutative 

(V*(M), a^) ^ {V*{T^M), a^c) (86) 



{n*{M),d) 



c 



{n*{T^M),d) 



Proof. The commutativity of the three-dimensional diagram 



c 



follows from (1571). (I83l) and (fT3l). □ 



c 



c 




c 

















Corollary 5.1. Let (A, g) be a Frohenius Weil algebra and let p be the corresponding 
Frobenius covector. Let {M,w) be a symplectic manifold. If p{l^) 7^ 0, then fl82l) is an 
isomorphism. If p{l^) = 0, then fl82l) is the zero map. 
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Proof. For a symplectic manifold the maps w and w'^ are isomorphisms. Thus, the 
vertical arrows in (l86l) are isomorphisms. The rest of the proof follows from Theorem 14. 1[ 
□ 

Remark 5.2. It has been shown in ||20j and |44j that for the tangent bundle TM of a 
Poisson manifold (M, w) the complete lift w'" fl81l) is an exact Poisson structure. In fact, 
for E = we have = a^cE = [w^ , E]. One can easily verify that the vertical lift 

= w^^-^ A ^ of w is also exact: = [w^ , E]. 

In the case of an arbitrary Frobenius Weil algebra. Corollary 15.11 implies the following 
proposition. 

Proposition 5.7. Let (A, g) be a Frobenius Weil algebra, and let p be the corre- 
sponding Frobenius covector such that p{1a) = 0. If {M,w) is a symplectic manifold then 
{T^M, w^) is an exact symplectic manifold. 

The following example shows that homomorphism flS^ may be a monomorphism or 
have a nonzero kernel depending on the dimension of the cohomology space. 

Example 5.2. Let = S-*^ x §^ be the two-dimensional torus and let M = x M*^. 
We denote the standard angle coordinates on the torus by and the standard 

coordinates on M'^ by (t^, . . . ,t'^). Consider the case of the algebra M(e) with Frobenius 
covector ]9(o) (see Example 14.11) . The corresponding Weil bundle of M coincides with 
its tangent bundle: T^^^^M = TM. The tangent bundle of M = x is trivial: 
TM = M X (]R2 X R^). Denote by y'^) and ...,s'') the standard coordinates in 
and M.^, respectively. 

The bivector field w = gfrA^ defines a regular Poisson structure on M. The complete 
lift of w is of the form w'^ = TrTAA + 7rrA . 

ax^ ay' oy^ ax^ 

In the dimension 0, by f|T^ we have 

H°{M, w) ^ C°°(M^) ^ M © Cq~(R^), 

H%{TM,w^) ^ C°°(M2fc), 

where C^(M'^) is the subring of C°°(]R'^), consisting of smooth functions vanishing at 
e M*^. The complete lift of a function / e C~(M) is f^ = y'§l + s''§^. The kernel of 
homomorphism (1821) consists of constant functions (see Remark 14.31) . Hence, its image is 
isomorphic to C^(]R'^). 

In the dimension 1, we have 

H],{M,w) = V^(M'=) ©C°°(R'=) ©C°°(R'=), 
Hl{TM,w^) = Vi(R2fc) © C'^(M?k-^ © C°°(M2'=). 

The cohomology classes of the following vector fields form a complete system of generators 
ofH},{M,wy. 
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where /*, /° G C°°(M^). The complete hfts of the above indicated vector fields, respecti- 
vely, are 

■ d ■ d .dp d / d \c d .df d 



One can easily see that f^-^ = — = cryjc{y^p), and that the classes 
[s^%b^] (where at least one of /* is not a constant function) and [(Z"^)*^] are nonzero 
classes in Hp{TM,w'-''). Therefore, in the dimension 1, the kernel of homomorphism ( l82l) 
is isomorphic to M©R, and the image of is isomorphic to V^(]R'') ©Co°°(I^^) ®C'o°(IK*'')- 
In the dimension 2, we have 



The cohomology classes of the following bivector fields are generators of Hp{M,w): 
fAAA P^AaA and r'—A — 

^ dx^ dx^' ^ dx' dt- ^ dt- dr 

where f,f^°',f"'^ G C°°(M'^). Among the cohomology classes defined by these bivector 
fields, only the classes [(/gfr A ^)'"] with / = const are zero. Thus, in the dimension 2, 
the kernel of (l82l) is isomorphic to M, and the image of (|82l) is isomorphic to 

V2(M'^) © V^(M^') © V\R^) © C^{R^). 

In the dimensions s > 3, for every generator of Hp{M,w) one can find a represen- 
tative which has the form u = u"' /\ , u"' E V^^^{M). Therefore, the cohomology class 
of is nonzero. Thus, in each dimension s = 3, . . . , k + 2, the complete lift induces a 
monomorphism of Poisson cohomology spaces. 



5.2 The vertical lift of a Poisson tensor 

It follows from (1721) that the vertical lift of a Poisson tensor (as well as of any bivector) 
w is a Poisson tensor on T^M. 

The following example shows that the cohomology of a^v depends on the choice of 
w e V\M). 

Example 5.3. Let M = M^™ x M^^ and let Wi be the regular structure induced by 
the standard symplectic structure on M^™, W2 the regular Poisson structure induced by 
the standard symplectic structure on M^^. The sum wi + W2 is the standard symplectic 
structure on M. 
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In the case of the algebra R{e), TM ^ R^i^+k) ^ ^2m+2k ^ ^2m ^ ^2k_ ^j^^^^ 
of dll]), one can obtain 

H'piTM, {wi + W2)^) = V(M2'"+2fc)_ 

If > m, then H'p{TM, {W1+W2Y) = for r > 2m+2k, H},{TM, wl) = for r > 4m+2/c, 
and H^p{TM, wY) = for r > 4A; + 2m. 

In the case of an arbitrary Frobenius Weil algebra A of dimension n + 1, 

H^p{T^M,wY) = ^^(M^C^+^On X M^fc), 

H'piT^M, {wi + W2)^) = V(M2(™+fe)"). 

Proposition 5.8. Let (M, w) anc? (M', w') be Poisson manifolds and let : (M, w) 

{M',w') be a Poisson map. Then T^ip : {T^M,w'^) {T^M' , {w')^) is also a Poisson 
map. 

Proof. Similar to that of Proposition I5.3[ □ 

Obviously, if (M, w) is a regular Poisson manifold, then (T^M, w^) is also a regular 
Poisson manifold. 

Proposition 5.9. The vertical lift of multivector fields induces the homomorphism 
of Poisson cohomology spaces 

H*p{M,w) — > H*p{T^M,w^), [u]^[u^]. (87) 

Proof. From fl72|) it follows that if awU = [w, u] = 0, then a^vu^ = [w^, u^] = 0, and 
if M = cr^t> = [w, v], then = a^vf*" = [w^ , v'-']. □ 

If / G C°°(M) is a Casimir function of w, then f'^' and are Casimir functions of 
. For an arbitrary smooth function / on M, it follows from Proposition 14.91 that 

\^f) — y^jC — yy^v ■ 

Proposition 5.10. In the dimension 0, homomorphism ( [g7[ ) 

H%{M,w) — ^ H%{T^M,w^) 

is a monomorphism. 

Proof. If [f^] = [fo tta] = 0, then / = 0. □ 

The next example shows that the homomorphism (187|) may be the zero map in every 
dimension except for zero dimension. 
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Example 5.4- Let (M, w) be a symplectic manifold and let (a;*) be the local coordinate 
system on M with respect to which the components w"^^ are constant. Let (x*,?/*) be the 
induced local coordinate system on TM. 

The space Hp{M, w) coincides with the set of constant functions on M. The space 
Hp{TM,w^) coincides with the set of constant functions on TM having constant values 
along fibers. Therefore, it is isomorphic to C°°(M). By Proposition 15.101 the vertical lift 
induces a monomorphism H^{M,w) = M H^{TM,w^) = C°°{M). 

For /c > 1, homomorphism (IHTj) is the zero map. In fact, if f = v'^^'"^^-^j^ A ... A E 
V'=(M), then v"^ = v'^-'^g^ A ... A Denote u''-'"'^ = y^ujjsV''^-'''-\ where uj = 
LUijdx'^ A dx^ is the symplectic form corresponding to w. Then u = u^'^---'^k-i a ... A ^^^37 
is a well-defined multivector field on TM. One can easily verify that = [w^ , u] = a^vu. 

The following example shows that the homomorphism (187|) may have a non-zero kernel 
in each dimension except for zero dimension. 

Example 5.5. Let, as in Example 15^ M = x M'' and w = /\ Then = 
A A A 

In the dimension 1, 

H}>{TM,w^) = V\T^ X M^fe). 

The cohomology classes of the vertical lifts (/*^)^ = vanish and the cohomology 
classes of the vertical lifts (/"^)^ = are linearly independent in Hp{TM,w^). 

Therefore, in the dimension 1, the kernel of (IHTIl is isomorphic to C°°(]R'^) ©C°°(]R'^), and 
the image of (IHTI) is isomorphic to V^(]R'^). 
In the dimensions i = 2, . . . , k + 2, 

H^p{TM,w^) ^ V\T^ X M^fc). 

The cohomology classes [(/"^'""'^ g^A. . -A^^)^] are linearly independent and generate the 
image of §7i). Hence, the kernel of ([87D is isomorphic to V^-^(M'') © V^-^(M^) © V^-2(M*^), 
and the image of fl871) is isomorphic to V^{M.^). 

Remark 5.3. As it seems, there are no natural nonzero homomorphisms between the 
cohomology spaces Hp{T^M,w'") and Hp{T^M,w^). Simple examples show that the 
identity map id\;*(^T^M) in general is not a cochain map of the complexes 

(V*(T^M),a^c) and (V*(T*M), a^v). 

Proposition 5.11. Let {M,w) be a Poisson manifold. For the complete lift , the 
vertical lift of w to the Weil bundle T^M, and for any exterior form ^ G Q*{M) we 
have 
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3) w^{^^^ 



1) ^(^10 = (5^0^, 

2) ^(tt^O = 0, 

iwO"", if lel = 1, 

0, if lei > 2. 

Proof. 1) Let in terms of a local coordinate system ^ = C,ii...ikdx^^ ^- ■ ■Adx^'' G Q'^{M). 
Then vr^^ = ^i^,„i^,dx'^^ A ... A c?x^'=°. It follows from Remark |43] that {w'^Y'^^'' = for 
b < n and (t;;'^)*''-?" = w^^ . The rest of the proof is obvious from (1671) . 

2) The proof follows from (|67j) . 

3) For lel = 1 we have (e^),„ = p((6)^e„) = and = w'^^.g^ = (w^^ . For 
1^1 = A; > 2 we have (^'^)iini2n...ifcn = p((6)'^e„ . . . e„) = 0. □ 

Remark 5.4. Let {ca} be a Jordan-Holder basis in A. From Proposition 14.51 it follows 
that for every a = 0, 1, . . . , n the a-lift 

wa := w;^'^) = R{eaw^) 

of w is a Poisson tensor on T^M and that these Poisson tensors are pairwise compatible, 
that is, 

[Wa, Wb] = 0. 

In addition, for every e = e^'Ca G A the bivector field 

We := R{ew^) (88) 
on T^M also is the Poisson tensor on T^M and Ws = s"'Wa- 



5.3 Modular classes of lifts of Poisson structures 



Let (M, w) be an orientable Poisson manifold, and let A = {{U^, hi^)}^(iK be the maximal 
oriented atlas on M [29]. The atlas A induces the oriented atlas A = {{UK,hf^)}i^^K, 
= 7rl\U^), K = h^, on T^M. It follows from (EID that the Jacobian det \\^\\ of 
a coordinate change on M and the Jacobian det || || of the corresponding coordinate 
change on T^M satisfy the following relation 



det 



det 



dx^' 



dx^ 



n+l 



n + 1 = dim 



^9) 



Let /i be a volume form on M and let 

lJ^{u^,hn) = p^^^'^^^dx^ A.. . Adx"^' 



m 



dim M, 



be the coordinate representation of /i. The family p = {p^'^'"'^'^^}KeK defines a smooth 
density on M [29]. We let 
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From fISU]) it follows that the family p = {p'-^^'^^-'Iksa' defines a smooth density on T^M. 
Then the exterior form JI with the coordinate representation 



JL = p^^^^^-^dx^^ A ... A dx"^^ A ... A rfx^™ A...Adx 



mn 



in every local chart (f/^, h^) is a volume form on T^M. 

Let be the modular vector field of an oriented Poisson manifold {M,w,p). 

In this subsection, we compute the modular class of a Poisson structure We ( |88ll on 
T^M defined by an arbitrary £ G A. Let {ca} be a Jordan-Holder basis in A, e = e^Ca. 

o o 

We will consider the two cases: 1) 7^ 0, that is, e ^ 2) = 0, that is, £ e A. 

Theorem 5.2. Let {M,w,p) be an oriented Poisson manifold, (A, g) the {n + 1)- 

dimensional Frohenius Weil algebra and £ G A. 

o 

i) If 6 ^ A, then the modular vector field of {T^M,W£,Jl) is 

A^,.^=e°(n + 1)AJ^. (91) 
In particular, the modular vector field of {T^M, w'", Jl) is 

A^,^c = (n + 1)AJ'. (92) 

o 

a) If e E A, then the modular vector field of {T^M,Ws,]l) is zero. In particular, the 
modular vector field of {T^M,w^ ,11) is zero. 

Proof. It suffices: to verify relation (192|) and to show that the modular vector field of 
a Poisson structure Wc = R{ecW^) is zero when c > 1. By (ITSll . in terms of a local chart 
(?7k, /ik) on M, the modular vector field A^ is of the form 



From fl90|) it follows that, in terms of the local chart (f/^, h^) on T^M, we have 



0, 6 = 1,2 



5 -"5 



1) First, we need to show that 



d{w 



C\iajb 



Q^jb 

By dHOD, we have {w^y^^ = {w'^^y^f = (w'J>g'^'=7,*^. 



dx^ ' ' (94) 

0, a = 0, 1, . . . , n — 1. 
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Arguing as in Remark 14.71 we find that 

\ ., =0 for s < 6, and \ ./ = — — , 

wliere there is no summation over j or h. Since 7^^ = when s > 6, it follows that the 
only nonzero summand in 

— - — 77 — = — 77 no summation over ? or 

dx^^ dx^^ ^ ' 

corresponds to s = 6. Since p„ = p(e„) = 1, it follows that 7^^ = q"''^'Jhd — ^ when a = n 
and 7^* = when a ^ n. Thus, 

where, as above, there is no summation over j or h. 
Now we show that 

= <^ ' ' (95) 

a = 0, 1, . . . , 77, — 1. 

In fact, = (w*-')'*7g'' where 7^*^ = q°''^'ysc- The only nonzero summand in g"^7gc 

corresponds to c = s = 0. In addition, q""^ = when a ^ n and g^^ = 1. We also have 
{^yji-iy = ^ which implies f l95p . 

The modular vector field of the complete lift on T^M is 



g^-jb Qrj.jb j Qrj.1 



jb 

Since the index b runs through n + 1 different values, flMI) implies that 



> — ^ = {n+l) 

^ dx^^ dx'" dx^ ax™ ' 

jb 

By (p3l) . all summands with b different from in the sum 

B In 7)(^«'^k) f) 
,C\iajb '~' "^/^ ^ 



[W 



5^*^ ' g^jb Q^i 

jb 



are zero. Then, using (p5!l . we obtain 



ZL^^ ^ c^xJf' dx^'' ^ dxi dx" 

jb 



which proves ( l92l) . 
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2) Consider now a Poisson structure Wc = R{ecW^), c > 1. By virtue of fllT]) . we have 
p{{w^^yesece^e^) = (w^-^yT^TgVle/e^) = {w'^^Y'^lfif'. The modular vector field 



\iajb 




of is 



Let us show that the first summand in the brackets in (l96l) is zero for all values of 
indices. By ( l39l) . we have 

^(^^)^"" = y ^abd±^ ^ b .fd^ , . 

Now, arguing as in the case of the structure w'" , we conclude that the only nonzero 
summand in the right-hand side of fl97j) corresponds to 6 = s. But for the Jordan-Holder 
basis ^ (no summation over b) only when / = 0. On the other hand, 7^^* does not 
vanish only when a = n and c = 0. Thus, the first summand in the brackets in flU^ 
vanishes identically. 

Let us consider the second summand in the brackets in (!96|) . Since p('^«''^'=) does not 
depend on (x-'^) for 6 > 0, it remains to consider only the case when 6 = 0. The coordinates 
{WcY"'^^ = (w*-')*7cs7/° are nonzero only when / = 0, a = n. But 7°^ = if c > 1, which 
completes the proof. □ 

Corollary 5.2. In the hypotheses of Theorem 15-4 the modular class of the Pois- 
son manifold {T^M,w'") is represented by the vector field [n + 1)A^ for any modular 
vector field of the base manifold {M,w). The modular class of the Poisson manifold 
{T^M, w^) IS zero. 

Theorem 5.3. Let {M,w,fi) be an oriented Poisson manifold and (A, g) the (n + 1)- 
dimensional Frobenius Weil algebra. The modular class of {T^M, w'" , Jl) vanishes if and 
only if the modular class of (M, w, fi) vanishes. 

Proof. Let A^ be the modular vector field of {M,w). Suppose that [A^] = 0, that is, 
A^ = X^f = [w,g] for some g G C°°{M). Then, by Theorem 15.21 the modular vector field 
of {T^M,w^) is Ap= {n + l)Al = {n + l)[w,g]^ = {n + l)[w^,g^] = {n + l)[w^ , g o ttj^]. 
Therefore [Ajj] = 0. 

Conversely, let [A^] = 0, then A^ = [w^ , f] for some / G C°°{T^M). Let sa : M ^ 
T^M denote the zero section, and let 

g = ^{fos^)eC°^{M). 

n + 1 

We claim that A. = X"". 

g 



By virtue of (1921) and (1801) . in terms of local coordinates 

^F=(" + i)E(a;r + »"'^ja;-,„ 
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and 

where /i = pdx^ A ... A (ix™. From the condition A^- = XJ we obtain 



(y,'rr-,Tp- = (« + 1) V + ..^'^"l 



(9J 



(u;*^)^7f ^ = for 6 = 0,...,n-l. 
Note that 

df d{f o sa) 
o s& = . 

The restriction of {w'^'y"'^^ to the zero section is w^^'Jq'' = w'^^q"'^ . Thus, restricting ( l98l) to 
the zero section, we obtain 



w'^q^'^^ = for 6 = 0,...,n-l. 



(99) 



Therefore, contracting the left-hand side of (19911 with pb by virtue of (H3l) . we obtain 
Since p„ = 1, the contraction of the right-hand side of ( l99l) with gives 

Conversely 



A: 

□ 



Remark 5.5. In the case when a Poisson manifold (M, w) is non-orient able, all the 
results of this subsection remain valid. One only should consider smooth densities instead 
of volume forms. 
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